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Let G be a 2-connected rooted graph of rank ¥ and 4, B two (rooted) spanning trees of G
We show that the maximum number of exchanges of leaves that can be required to transform A4
into Bis r2—r+1 (r>0). This answers a question by L. Lovasz.

There is a natural reformulation of this problem in the theory of greedoids, which asks for
the maximum diameter of the basis graph of a 2-connected branching greedcid of rank #.

Greedoids are finite accessible set systems satisfying the matroid exchange axiom. Their
theory provides both language and conceptual framework for the proof. However, it is shown that
for general 2-connected greedoids (not necessarily constructed from branchings in rooted graphs)
the maximum diameter is 2" —1.

1. Introduction

The following question was posed by Laszl6 Lovész; how many steps are at
most required for changing one spanning tree of a 2-connected rooted graph into
a given second one, if every step consists of the exchange of a single leaf? We show
that the answer is r2—r+1, where r denotes the rank of the graph.

Both question and answer are conveniently stated in terms of greedoids,
where the problem asks for the maximal diameter of the basis graph of a 2-connected
branching greedoid. We get the answer (Theorem 4.6) as part of a general study of
the diameter of basis graphs and basic word graphs for different classes of greedoids.

Greedoids are finite accessible set systems satisfying the matroid exchange
axiom. They are a generalization of matroids introduced by Korte and Lovész [7]
as the common structure underlying many greedy algorithms. In fact greedoids
can be characterized as set systems by the optimality of the greedy algorithm for a
class of objective functions, for which breadth-first search in graphs and certain
scheduling problems under precedence constraints are examples. We refer to [7]
and [9] for details.

Here we consider a different type of problems and algorithms on greedoids,
which concern “pivoting steps™ (one element exchanges with feasibility constraint)
between different solutions (bases). The complexity of these algorithms is measured
by the diameter of the basis graph [10]. In this graph two bases are connected by
an edge if they differ by only one pivoting step.

AMS subject classifications (1980): 05 B 35, 05 C 20, 68 Q 20.



218 G. M. ZIEGLER

The paper is organized as follows. In Section 2 we give definitions and basic
properties of greedoids to be fairly self-contained. (See [13] for a broader introduc-
tion to greedoids.) We discuss the concept of connectivity of greedoids and its
compatibility with basic greedoid constructions.

In Section 3 we show that for 2-connected greedoids the diameter of the
basis graph can grow exponentially with the rank. However, in the case of greedoids
corresponding to search in graphs (“branching greedoids”) the diameter of the basis
graph is bounded by a quadratic function in the rank (Section 4). In both cases we
can determine the exact bounds and construct the corresponding extremal examples.

In Section 5 we discuss the case of higher connectivity. For this it is necessary
to assume the interval property, which is, however, shared by all major classes of
examples. Greedoids of higher connectivity have been studied in a topological setting
by Bjorner, Korte and Lovasz {4].

In turns out that higher connectivity of the greedoids decreases the possible
diameter. For maximally connected greedoids we prove a linear bound for the
diameter of the basis graph. We conjecture that for greedoids of connectivity at
least three a quadratic bound applies.

All the cases mentioned will also be discussed for the basic word graphs,
which arise naturally from the definition of greedoids as left hereditary simple
exchange languages. The diameter of the basic word graphs is of interest because
it appears to be the natural measure of complexity for algorithms to find paths
between given bases of a greedoid.

Comparing the results for different classes of greedoids, we see that the dia-
meter is a quite sensitive parameter for the complexity of greedoids and the exchange
algorithms modeled on them.

2. Greedoids and connectivity

Definition 2.1. A greedoid # on a finite set E is a pair (E, ¥) where & is a nonempty
collection of subsets of E satisfying:

(G1) For X in & nonempty, there is an x€X such that X\ {x} isin #.

(G2) For X,Y in &, |X|>|Y|, there is an x€X\Y such that YU {x}
isin &. .

(G1) states that & 1s an accessible set system, (G2) is the exchange axiom
for the independent sets of a matroid. 1he sets in & are called feasible, their cardi-
nality will be called rank. Thus & is a matroid if and only if every subset of a feasible
(independent) set is again feasible. The maximal feasible sets of a greedoid are
called bases.

As usual the matroid exchange axiom (G2) implies that all the bases of a
greedoid have the same cardinality, which we call the rank r of the greedoid. The
rank will be our principal parameter for the size of a greedoid.

For an arbitrary subset 4 of the ground set E we define its rank by
r(A)y=max {|{X|: XS A4, XeF}, its corank by cr(d)=r—r(4). Thus ACE is
feasible iff r(A4)=[4|, it is a basis iff r(4)=|A4|=r. Feasible sets of corank 1 (rank
r—1) will be called subbases.

A greedoid is full if E€%. For convenience we often do not mention E
explicitly, assuming E=U% for a given finite set system &. Then we call & full
if it has only one basis.
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If we order & by inclusion, we get a finite, graded poset (partially ordered set)

with minimal element 0=9. We use the Hasse diagram of & to get a graphic rep-
resentation of . However the Hasse diagram has to be labeled, as the greedoid
structure of & can not be reconstructed from the partial order (compare Figure 1),
Bjorner [2] discusses the poset representations of greedoids, of which the “canonical”
representation by %, ordered by inclusion, and the universal representation by the
poset of flats (which we will use extensively in Section 4) are examples. We refer
to 2] for details.

There is an equivalent ordered version of greedoids in terms of exchange
languages, which we describe now. For a finite set E, let E* be the free monoid of
words in the alphabet E. We use greek letters a, §, y for words in E*, latin letters
x, y, z for letters, i.e. elements of E. |«| will denote the length of a, i.e. the number
of (not necessarily distinct) letters in «. The support & of a is the set of letters of a.
A word « is called simple if it does not contain any letter twice, that is [o]=|d].
Now a language & over E is a nonempty subset ¥ C E*; it is called simple if every

word in & is simple. By the support & of the language ¥ we mean $={3: €%}

Definition 2.2. A greedoid language & on a finite ground set E is a finite simple
language ¥ S E* satisfying:

(G1’) If a=fy, ac ¥, then B€2, ie. every beginning section of a word
in .% is again a word in £.
(G2) If «, pc.¥, |¢|=|B| then thereis an x€a suchthat Bx€Z.

(GY’) states that & is a left hereditary language, (G2') is an exchange axiom.
The maximal words in % are called basic words, their (common) length is the
rank of Z.

It is easy to see that the Definitions 2.1 and 2.2 are actually equivalent: if

& is a greedoid language as defined in 2.2, then & satisfies (G1) and (G2). Conver-
sely, given a greedoid %, we can (re-)construct % as

L= Poxy . X (X0, Xay oo X36F, [0, X2y x| =1 for 1=i=n}

Thus it is not misleading if we occasionally use the term “greedoid” for
greedoid languages, t00.

The following constructions with greedoids will be considered. Given
a greedoid & of rank r, then the k-truncation of % is the greedoid F|,=
={X€&F: r(X)=k). This corresponds to truncating the poset & at rank k. For a
feasible set A€F we define the contraction of # by A as the greedoid F/A=
={X\A4: X% and AZSX}. This corresponds to taking the principal filter gene-
rated by A4 in the poset &#. In both cases it is easy to verify that the defined structures
are actually greedoids. Note, however, that #/4 is not a greedoid if 4 is not feasible.

By a t-minor of # we will mean the truncation of a contraction or, equi-
valently, the contraction of a truncation of &. This differs from the general usage
where minors denote contractions of restrictions. The restriction of # to ASE is
the greedoid F|4A={XcF: XS A}. However we will observe in 2.5 that the con-
nectivity of greedoids is badly behaved with respect to restrictions. Thus — as
diameter questions under connectivity constraints are the principal object of study
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for this paper — f-minors are more suited to construct substructures in a given
greedoid than minors.

In poset language 7-minors are truncations of principal filters. If we use only
restrictions to feasible sets, then the corresponding minors are intervals in . The
general case is more complicated.

A subgreedoid of a greedoid (E, &) is a greedoid (E,, &%,) such that E,CE,
Fy&F and rank (Fy)=rank (F). This is not the most general definition possible,
but will be suitable for our purposes (uniqueness results in Proposition 4.7). For
example matroid slimmings in the sense of [9] are subgreedoids, but truncations
and contractions of a greedoid are not subgreedoids (except for the trivial cases).

We are now going to define connectivity in greedoids and related concepts.
Our definitions are slightly more general then the usual ones from [4], generalizing
to arbitrary graded posets with 0. They specialize to the definitions in [4] if applied
to the poset & of a greedoid. R

Let 2 be a finite graded poset of rank r with minimal element 0. For X¢&
we call a set A of covers X-free if A is the set of atoms of a boolean graded subposet
of # with minimal element X, that is thereisa Ye&, Y= X, r(X, Y)=|A|, such that
[X, Y] contains a boolean algebra with A as its set of atoms. Particularly two covers
a,, a, of X are independent over X if {a,, a,} is free over X, that is if there isa Y¢2
which covers a, and a,. ’

Definition 2.3. A finite graded poset £ with 0 is k-connected if for every X¢2 there
is an X-free set of covers of size at least min {&; r—r(X)}.

Note that every 2 is I-connected, and “(k+ 1)-connected” implies “k-con-
nected”.

The connectivity of a poset can be easily read off from its Hasse diagram.
This also yields a way of checking the connectivity of a given greedoid, ordered by
inclusion. It pays off, however, to translate the poset definitions into concepts in
terms of set systeris.

Given a greedoid (E, #), a subset 4 of E will be called free over Xe F if
ANX=9 and for every B& A: XUBEZF. If A4 is free over X, then obviously every
subset of A is again free over X. Especially {x} is free over X if x¢ X and XU {x}€#.
Then we call x a continuation of X, which corresponds to a cover of X in the poset
F. {x,y} free over X means that XU {x}, XU{y} and XU {x, y} are feasible and
distinct. We then call x and y independent over X. Now & will be called 2-connected
if for every X€# of corank at least 2, there is a free 2-set over X, i.e. X has at least
two independent continuations. In general:

Definition 2.3". A greedoid & is k-connected if for every X¢#, there is a free set
of size min {k;cr(X)} over X, iec. there is a set 4ASE\JX, |4|=min {k; cr (X)}
such that X\UB¢cF for every BG A.

Again it is clear that every greedoid is 1-connected, and for k=2 our defi-
nitions coincide. Observe that 2.3" specializes 2.3: a greedoid & is k-connected if
and only if the poset & is k-connected.

Additionally any truncation or contraction of a k-connected greedoid is
again k-connected. Thus k-connectivity is preserved under taking 7-minors. However,
for k=2 the study of k-connected greedoids usually requires an extra condition,
the interval property:
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Definition 2.4. A greedoid has the interval property, if for X, Y, Z¢F, XS YCZ,
x4 Z, always XU {x}¢# and ZU{x}¢# imply that YU{x}eZ.

A greedoid with the interval property will be called an interval greedoid.
Most of the interesting classes of greedoids (and all the classes discussed in this
paper) have this property. See [7] for details. A special case is given by the upper
interval greedoids, for which X, YeF, XS Y,a¢Y and XU {a}¢F imply YU {a}c &F.
Equivalently, these are the greedoids such that the union of feasible sets is always
feasible. They are also known as APS-greedoids, convex geometries, shelling structures
or antimatroids. See [2] and [6) for further discussion.

We now observe that k-connectivity is not preserved under restrictions, even
if we consider only k=2 and only restrictions to feasible sets. In fact we have:

Proposition 2.5. Let & be an interval greedoid such that the restriction to every
feasible set is 2-connected. Then & is a matroid.

Proof. Let B be a basis of &, then we have to show that the interval I=[0, B)]
in & is boolean. 1 is a subposet of the boolean algebra 2. It is a semimodular lattice
by [4, Thm. 3.2.]. Now 2-connectivity of the restrictions implies that every interval
of rank 2 in I has four elements, hence by [3] I is relatively complemented. Thus
1 is a geometric lattice, especially atomic. Hence all the elements in B are feasible,
and we are done by the interval property [4, Lemma 2.2.]. |}

Finally we define the graphs whose diameters we use as a measure for the
complexity of basis exchange algorithms. Two bases 4 and B of a greedoid & are
called adjacent if |ANB}=|4]—1 and ANBEcF, that is A and B differ in exactly
one element and their intersection is feasible. This gives rise to the basis graph G(F)
(or simply G) on the set of bases of #, whose edges are pairs of adjacent bases.

A very similar construction yields the subbasis graph G which will turn out
to be useful in different contexts: in this graph two subbases X and Y of & are joined
by an edge if their union is a basis, that is [XUY|=[X|+1 and XUYeZ.

‘Two basic words « and 8 of a greedoid language % are adjacent if f§ is obtained
from o by interchanging two consecutive letters or by changing the last letter. Equi-
valently, @ and f§ are adjacent if the corresponding maximal chains in the poset
F=2 differ by exactly one element. This notion of adjacency defines the basic
word graph G on the set of basic words of #. There is an obvious graph map from
the basic word graph G of & to the basis graph G of the corresponding greedoid

&, sending every basic word o toits support & Hence for every greedoid
diam G(F)=diam G(F).

We stress the fact that basis graph, subbasis graph and basic word graph
only depend on the poset &, not on the actual greedoid structure. In fact the basis
graph and the subbasis graph of a greedoid arise as the “intersection graphs™ of the
bipartite graph given by the two top rank levels of the poset & (having bases and
subbases as vertices and cover relations as edges). This implies

Lemma 2.6. |diam (G)—diam (G)|=1. Especially G is connected if and only if G
is connected. [

In [10], Korte and Lovész prove that 2-connectivity of & implies the basis
graph of & to be connected. In fact they show that in this case G is connected, and



222 G. M. ZIEGLER

the graph map G—~G implies that G is connected. This result will also be a corollary
of our Theorem 3.1.

Note that the following (weaker) converse is true: call & nearly 2-connected
if for every X¢ %, cr(X)=2, with at least two continuations, there is a free 2-set
over X. Obviously every 2-connected greedoid is nearly 2-connected, and we have

Proposition 2.7. All the f-minors of a greedoid & have connected basis graph if
and only if & is nearly 2-connected.

Proof. It is sufficient to prove that the basis graph of every nearly 2-connected
greedoid is connected, because nearly 2-connectedness is preserved under taking
t-minors. But for this Corollary 3.2 of Theorem 3.1 applies. Note that Theorem 3.1
and its lemmas are formulated only for 2-connected greedoids, however everything
stays valid if we weaken the hypotheses to nearly 2-connectedness. J

In the following we shall work with 2-connected rather than with nearly
2-connected greedoids, mostly for convenience. In all nondegenerate situations,
that is if every feasible set of corank at least 2 has at least two covers (continuations),
the two concepts are equivalent anyway. However we note the following:

Lemma 2.8, Upper interval greedoids are nearly 2-connected. Their basis graphs
are trivial, subbasis graphs are complete. Their basic word graphs and the basis
graphs of their truncations are connected.

Proof. & is a semimodular lattice by [4]. Hence the first two statements are trivial.
The rest can be seen from the shellability of semimodular lattices [1] or even more
easily from Proposition 2.7; it is also proved in [10]. §

We refer to Korte and Lovész [7], [8] and [3] for further discussion of struc-
tural properties and examples of greedoids, mentioning here only a few further
classes of special interest for the following discussions:

Let D be a finite, rooted, directed graph with edge set E, and & the set of
trees in D that contain the root and are directed away from it. Then & is a (directed)
branching greedoid or search greedoid [7]. 1f we assume without loss of generality
that D admits a spanning tree, then # is k-connected exactly if D is k-connected as
a digraph, that is no vertex can be separated from the root by less than k vertices,
or (equivalently) there are k disjoint directed paths from the root to any vertex
not adjacent to it.

Undirected branching greedoids are defined analogously on undirected, rooted
graphs. Note that for an undirected branching greedoid (E, &) the standard con-
struction of replacing edges in the graph by pairs of antiparallel arcs yields a cano-
nical directed branching greedoid (E’, #*) on a ground set of doubled size |E’|=
=2.|E| and a surjective map E’-~E, which induces an isomorphism of posets
F’'—~F. Thus rank and meet are preserved by this map, however intersection is
not. As basis graph, basic word graph, connectivity and diameters are poset pro-
perties, & and &’ can be considered equivalent for our purposes, i.e. we regard
undirected branchings as a special case of directed branchings. Compare Figure 1.

Now let V be the set of vertices of D different from the root, and V(%) the
set of vertex sets in V of trees in &#. Then V(&) is again a greedoid, the vertex
search greedoid on D [2]. In fact it is an upper interval greedoid, because the union
of two feasible vertex sets is obviously again feasible.
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GraphiG: Digraph 0(G)
o

oc ab be a4y oy by bicy
a [ gy o
Undirected Branching greedoid
branching greedoid of G of 0(G)

Fig. 1

In Section 4 we will analyze the structure of branching and vertex search
greedoids as well as their relationship in detail. Compare [12] for characterization
results.

A special case of upper interval greedoids are the poset greedoids (E, F)
for which & is also closed under intersection. They all arise as the set of order ideals
in a partial order on E. In this case & is a distributive lattice, which again charac-
terizes poset greedoids.

Finally local poset greedoids are greedoids such that every interval in & is
a distributive lattice. Note that every greedoid & contains the minimal element ,
but need not be a meet semi-lattice in general. For interval greedoids, however,
F is a meet semilattice, and all local poset greedoids are interval greedoids. Examples
of local poset greedoids are poset greedoids, branching greedoids, and matroids.

3. Two-connected greedoids

Korte and Lovasz proved that for a 2-connected greedoid & both G and G
are connected. In [4], Bjorner, Korte and Lovdsz raise the diameter question for
these graphs. In particular they show that the diameter of G can exceed the rank of
Z.In fact L. Lovész described a class of 2-connected undirected branching greedoids
whose diameter grows quadratically with the rank. We give a refined version of his
construction in Section 4. However, for general 2-connected greedoids of rank r we
now show that the maximal diameters of basis graphs and basic word graphs are
exponential ;

Theorem 3.1. Let & be a 2-connected greedoid of rank r. Then diam G(#)=2"—1,
diam G(F)=3.2"—2r—3, and both bounds are best possible.

Corollary 3.2, (Korte and Lovasz [10].) Let & be a 2-connected greedoid of rank
r. Then the basis graph G (&) and the basic word graph G (&) are connected.
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For the proof of Theorem 3.1 we use two lemmas which concern the case
r=2.

Lemma 3.3. Let (E, &) be 2-connected, X¢# of corank at least 2. Let XU {x}
be feasible, then there is a y€ ENX, x3y, such that {x, y} is free over X.

Proof. Let y, z€E\X such that {y, z} is free over X. Now XU{x} can be aug-
mented from XU {y, z}. Without loss of generality XU {x, y}¢Z#, ie. {x,y}is
free over X.

Lemma 3.4. Let {x,y}, {z, w} be bases of a 2-connected greedoid of rank 2. Then
d({x, y}, {z, w})=3.

Proof. We assume that {x}, {z}¢# and {x,z}¢F (so x=z). By Lemma 3.3,
there is a w€E, u#x, such that {u}, {x,u}€F (thus u=z). Now {z} can be
augmented from {x, u}. Thus {z, u} is a basis of & and we are done (compare to
Figure 2a). |

Proof of Theorem 3.1. For the proof we need some notation. Let d(r) (respectively
zi(r)) be the maximal diameter of the basis graph (respectively basic word graph)
of a 2-connected greedoid of rank r. For {x} feasible let X be the set of bases that
contain x€E as an element and let 6(z) be the maximal distance between a basis
X and a set X in any 2-connected greedoid of rank ». Similarly let £ be the set of
basic words that contain x€E as their first letter and let d(r) be the maximal distance
between a basic word £ and a set £ in any 2-connected greedoid of rank r. The exis-
tence (finiteness) of of these diameters and distances will follow from the recursions
below which at the same time establish our upper bounds.

Now we have to prove that d(r)=2'—1 and d(r)=3-2"~2r—3. Note
that Lemma 3.4 shows that d(2)=3, d(2)=5, where a greedoid exhibiting this
“worst case” is shown in Figure 2a. This proves the case r=2.

Xy xw Xu U yw yz A A Ay B

al b) 6

Fig. 2
Now the situation for r=2 allows to derive the following recursions by the
argument indicated in Figure 2b:
dF+1D) =8¢+ D+d@); 6(r+1)=2.6(r);
dr+1) =8@+D)+d(); S(r+1)=2-6(N+2;
which together with the trivial initial conditions proves
(=21 d(n=2r-1;
S()=3.27"1-2; d(r)=3.2"—2r-3.
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To prove that these bounds are actually sharp, we now construct inductively
an interval greedoid G, for every r, which attains them. We shall have G,=([2r]; F)
with |F|=3.2"—r—2. Put G,=(9, {#}), G;=([2), {0, {1}, {2}}). Define a k-set
{ay, as, ..., @} to be regular if a,€{2i—1, 2i} for all i. Now define the greedoid
G, ., to consist of the following feasible sets:
(1) the feasible sets of G,
(2) the (r— 1)-sets of G, augmented by 2r+1 if they are regular, by 2r+2 otherwise
(3) as bases ((r+1-)-sets) the bases of G,, augmented by 2r+1 or 2r+2, ie. all
regular r-sets.

G4: all black elements
G,: white elements added (diameter15) Digraph 0;:
B,: dolled lines added (diameter 13) 5

Now we check that each G, actually is a 2-connected interval greedoid (com-
pare Figure 3). G, is an accessible set system by constructjon. To verify the exchange
axiom, it"is sufficient to consider X, Y¢G,, |X|=|Y|+1. By symmetry between 1
and 2 in G, it is sufficient to consider the following cases: if 1 is contained in both
X and Y, then we can reduce to the contracted greedoid G,/{1}, which is isomorphic
to G,_y; there the exchange property holds by induction. If 1€ X, 2¢7, then we can
augment Y\ {2} from X\ {1}in G,/{1}=G,_, by induction. If 1€ X and {1, 2}NY =46,
then YU {1}¢%#. And for 1€Y, {1,2}NX=0 it is sufficient to augment Y from
XU{1}e#, which again can be done by induction. Finally, if 1 and 2 are contained
in neither X nor Y, then by construction Y& X and we are done.

Two-connectivity follows easily by induction on r, because at each step it
has to be checked only for sets of corank 2.

To verify the interval property, one can observe (again by induction on r)
that the intervals of G, are distributive lattices of width at most two. Thus each G,
is even a local poset greedoid, however not a branching greedoid for r=>3 (see
Section 4). G, has 2" bases (the regular r-sets), and the basis graph G(G,) is a chain;
thus d(r)=2"—1. Actually:

d({1,4,6, ..., 2r}, {2, 4, ..., 2}) = 2’1,
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and ~
6(r) = d({L 45 65 1eey 27'}, 2) =271 for r=1.

Also by construction we find that the inequalities for d and § are actually

sharp here, so
d(146-...:2r,246+...-2r) = 3.2""1-2r 3

5(r)=d(146-...-2r,2) =3.27"1-2 for r=1.

where “d” denotes distance in the basic word graph. J§

We remark that the greedoid G, constructed in the proof of 3.1 is a “slimming”
(in the sense of Korte and Lovéasz [9]) of the matroid of the r-dimensional hyper-
octahedron. However none of the slimming methods described in [9] yields a con-
struction of our G,. The refined “trimming” methods described in [11] do not apply
either; they do not even produce local poset greedoids.

Note that there is an alternative way for deriving the upper bound for d(r)
in Theorem 3.1 by showing part (1) of the following theorem. However this point
of view is less helpful in the study of branching greedoids (Section 4).

Theorem 3.5. Let & be a 2-connected greedoid of rank r(r=1). Then
(N diam G(&F) = 2-diam G(F|,-)+1.

If # is an interval greedoid then

)] diam G(F|,_y) = (r—1) - (diam G(F)+1).

If # is a local poset greedoid, then the following stronger bound holds:
3 diam G(F|,.,) = diam G(F)+ 1.

Proof. The first inequality is a straightforward consequence of Lemma 3.4. For (2)
we observe that given any basis B in &, the restriction [0, B] of & is an upper in-
terval greedoid, hence the basis graph of its (r— 1)-truncation is connected by Lemma
2.8. This graph has at most r vertices, thus diameter at most r— 1. This implies (2).
For (3) we observe that for local poset greedoids, the intervals are distributive and
hence modular lattices. Thus for two subbases X and Y of &, their union XUY
is a basis of & if and only if XN Y is a subbasis of #|,_,. Thus G(%) and G(F|,_,)
coincide. With Lemma 2.6 we are done. J

Theorem 3.1 shows that (1) is actually sharp. This is not the case for (2) and (3).

Observe that the proof of Theorem 3.1 actually yields an algorithm of comp-
lexity roughly d(r) to construct a path in the basis graph between any given pair of
bases. To understand the design and complexity of such algorithms in general, it
seems natural to ask how diam G(&) is bounded (from above and below) in terms
of the diameters diam G(F);) for 1<i=r. This appears to be equivalent to under-
standing the structures of shortest paths in G. It turns out that the inequalities sug-
gested by the extremal examples that we construct in this paper do not hold in general.
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4. Two-connected branching greedoids

For proving bounds on the diameter of branching greedoids, it will be con-
venient to work with the poset of flats, which turns out to have more global structural
properties than the poset of feasible sets. The poset of flats associated with any
greedoid was introduced and studied by Bjorner [2]. We refer to his analysis for
details. The basic construction is as follows. Let (E, &) be a greedoid. Define an
equivalence relation on & by X=Y iff X and Y have the same continuations,
that is iff #/X=%/Y. The set L(#) of equivalence classes has a partial order
induced by the inclusion order on &. This poset is called the poset of flats of &.

Note that this construction is compatible with contraction, that is the poset
of flats of a contraction is identical to the corresponding upper interval in the poset
of flats. This fact together with the observation that any contraction of a branching
greedoid is again a branching greedoid makes the proof by induction on r for Theo-
rem 4.6 possible.

We will need several lemmas:

Lemma 4.1. L(#) is graded with 0 and 1. The quotient map ¢: #—~L(F) is
order preserving, rank preserving and surjective. If X, is a chain in & and c is a
maximal chain in L{%) such that ®(X,)Sc, then there is a maximal chain X in
& such that @(X)=c. This especially implies that & is also surjective as a map
of chains.

Proof. The first two assertions are immediate from the definitions. The third is
clear from the description of L(&) as a poset representation of & in the sense of
Bjorner [2]. B

Lemma 4.2. If & is k-connected, then so is L(&). If # is an interval greedoid, then
the converse is also true.

Proof. The first statement is obvious. For the second we consider the following
edge labeling of the Hasse diagram of L(%), which makes L(&) into a poset repre-
sentation of & (see [2]). For any cover relation X<Y in L(%¥) put 1(X<Y)=
={x€E: XU{x}¢Y for X¢X}. The reconstruction of free k-sets in & is easily
done using that if X is covered by Y and Z in L(%) and they are both covered by
W(Y#2Z), then A(X<Y)SA(Z<W). This is clear from the strong exchange
property for interval greedoids [2]: we can use an argument similar to that in [4,
proof of Thm. 3.6.}. Note that A(X<Y)NA(X<Z)=0. |

Lemma 4.3. If & is an interval greedoid, then L(#) is a semimodular lattice. In
this case L(F) is coatomic if and only if & is 2-connected.

Proof. The first part is a result by Crapo [5], which Bjérner [2] translates into the
language of greedoids. For another proof see [4]. We remark that the converse is
wrong. For the second part, L(#) is coatomic if and only if every element of corank
greater than one has at least two covers. In a semimodular lattice this is equivalent
to 2-connectedness. By Lemma 4.2, we are done. J§

Now let (E, &) be a branching greedoid of rank r in a digraph D, as defined
in Section 2, then (V, L(#)) is the vertex search greedoid on D, as Bjdrner observed
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in [2), that is the lattice of flats of the branching greedoid L(#) is naturally isomorphic
to the poset of feasible sets V(%) of the corresponding vertex search greedoid.
Together with Lemma 4.2, this implies that the two greedoids have the same con-
nectivity.

In the case of directed branching greedoids the projection map @ is actually
induced by the map @®,: E—~V that sends every arc x to its endpoint (head) @4(x)
such that @ (X)={®P,(x)|x€ X}: the image of a tree is its set of vertices. For this
we can assume that the root is not the endpoint of any arc in E.

The following lemma plays a key role in our proof for Theorem 4.6. Note
that it fails if we weaken the hypotheses to local poset greedoids, e.g. for the greedoid
G, constructed in Section 3.

Lemma 4.4, Let & be a 2-connected branching greedoid of rank r=2, L(#) its
lattice of flats. Let a,, by be two distinct atoms in L(#). Then L(#) contains two
maximal chains a:0<a,<d,<...<a,_;<1 and b: O<by<by<...<b,_;<1 such
that g; and b,_; are complements for 1=i=r—1.

Proof. We construct the a; inductively as feasible subsets of V, such that their
complements in ¥ are feasible sets of size ¥—i. For g, we can choose a complementing
coatom b,_; because L(F) is coatomic. Note that complements of complementary
rank in L(#) are unique if they exist.

Now assume that g; is constructed, and let A4, €% be a spanning tree for
a; (ie. A€F, ®(4)=a). Then F/4; is a 2-connected greedoid of rank r—i.
Let Bi€E be an arc from the root to the vertex b,, and let B,_; be a spanning tree
for b,_; that contains 8,. Then B,_; is a basis of #/4,;.

The greedoid %/A4; contains atoms like {#;} which are also feasible in #,
and in the non-trivial case (otherwise we are done by induction on r) it also contains
atoms — call them “red” — which are not feasible in &. These correspond to “red”
arcs in D from vertices in @; (not the root) to vertices in V\a;=b,_;. We choose
a basis A° of # /A, that contains a red arc. Now the basis graph of /4, is connected
by Corollary 3.2. On a path from B,_; to A® in this basis graph let B be the first
basis that contains a red arc x. Then B,_;_,=B"\{x} is a feasible set of rank
r—i—1 in #|A; by construction. B,_;_, is actually in & because it does not contain
any red arc. Thus we can define @, ., as @, &,(x) and b,_;_, as &(B,_;—) to complete
the induction step. [

Note that the complementary chains constructed in this lemma are in general
not unique if r=4,

It would be nice to give a lattice theory version of Lemma 4.4, stating that
a collection of lattice properties of L(%) implies the existence of complementary
chains through given atoms. Several such properties are obvious or already verified:
L(#) is coatomic (2-connected), primary (the join irreducibles form an order ideal),
and semimodular. However these properties together do not force the existence of
complementary chains, as pointed out to me by M. Haiman. Also L(&) is a locally
free lattice, which allows to consider it as an upper interval greedoid. In this situation
a suitable strengthening of the condition of being primary might allow to give a
proof. However, in view of the characterization results on branching greedoids by
W. Schmidt [12] it is not clear whether such a proof could yield a result that is in
fact more.general than Theorem 4.6..
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Lemma 4.5. Let # be a 2-connected branching greedoid, a and b complementary
chains in L(&) as constructed in 4.4 and X, Y, chains in & such that &(X;)Sa
and @(Y)EDb. Then there are maximal chains X, ¥ in & such that $(X)=a,
@(Y)=b and X;UY, is feasible of rank i+;j for i4j=r.

Proof. Clear. §

For 2-connected branching greedoids .of rank r, let 5(r) be the maximal
diameter of the basis graph, and similarly b(r) and b(r) for the subbasis graph and
the basic word graph. Now from Theorem 3.1 we know that the diameter of 2-con-
nected branching greedoids of rank r is bounded by b(r)=2"—1. The greedoids
constructed there as extremal examples are, however, not branching greedoids for
r=3. It is somewhat surprising to see that b(r), the diameter of branching greedoids,
i3 quadratically bounded in the rank, and the exact bound can again be determined:

Theorem 4.6, Let & be a 2-connected branching greedoid of rank: Then
diam G(F)=r?—r+1 and
diam G (F) = [’ *3'2] 2l

Both bounds are sharp for r=0.

Proof. We first prove b(r)=r2—r, which implies the bound on diam G(%) by
Lemma 2.6. The proof for the basic word graphs is similar to that for the basis
graphs and will be omitted (compare the proof for Theorem 3.1).

Let (E, %) be a 2-connected branching greedoid of rank r, & the correspond-
ing language. Arcs emanating from the root (corresponding to feasible elements
in E or l-sets in &%) will be called stems.

Let X=ux,%,...x,_; and Y=y,y,...y,_, be subbasic words of .Z (i.e. X and
Y are words of length r—1 in the greedoid language % corresponding to & such
that X;={xy, x,, ... l} and Y;={y1, ys, ..., yi} are feasible setsin & for I=i=
=r—1. Especially X =X,_, and = Y,_, are subbases of & ). We can assume
x;#y; byinduction on r. To get a recursive bound on the possible distance between

and ¥in G we distinguish several cases which depend on the particular choice
of X and Y. Let b,(r) be the maximal distance (¥, ¥) in G in the case that x, and
1 are parallel stems, that is ift @(X,)=&(Y. 1). Let b,(r) denote the maximal distance
of X and ¥in the case that x; and y, are independent, ie. if @®(X)#®(¥,). By
b, (r) we denote the maximal distance of X and ¥in the case that #(X;) and &(¥)
are complements in L(#), which especially implies that &(X;)> ®(Y,). Finally
b,(r) will be the distance between X and ¥in the case that the a;=®(X;) and the
b;= &(Y;) form complementary chains in L(#) in the sense of Lemma 4.4, which
in turn implies that &(X;) and (¥ ) are complements. We observe that b,(r)=r—1
by construction, and b,(r)=b,(r) is obvious.

We want to show that b,(r)=bs(r—1)+5,(r). For this, take X and Y as
above and let a,=®&(X;). bl—cD(Yl) Now, by Lemma 4.4, we can construct
complementary chains a and b in L(F) contammg a, and by, such that &(¥)=b,_
The coatoms of the join-semilattice generated in L(F) by a and b are exactly the
s;i=a;Ub,_,_; for 0=i=r—1, and these are distinct. It is easy to see that the meet
of the set of coatoms {s;} in the lattice L(Z)is 0. Now &(X;)=b,_,='s, is.impossible
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Thus there is an 5; with O0<i=r—1 such that &(X,)Us;= i, hence by semimodu-
larity @(X,) and s; are complements in the upper interval [a,, 1] of L(£). Now by
choosing Z€ ®~1(s;) consistently with X; and ¥ (as described by Lemma 4.5),
we find that d(X, Z)=b,(r—1) and d(Z, ¥)=b,(r). This shows by(r)=b,(r—1)+

+by(r), and thus
by(r) = G ] .

Now for getting a bound on b, (r), let X and X” be given with feasible permutations
X and X’ such that ®(X;)=®(Xy). We can choose a subbasis X such that @(X,)
and &(¥) are complements in L(F). Then we have d(X, X)=d(X, )+d(¥, ¥)
and thus b,(r)=2-by(r)=r2—r.

To estimate b,(r), let X, ¥, X and Y be given as above. Then we construct
complementary chains through &(X;) and ¢(Y¥;) by Lemma 4.4. Now the same
argument we used for bounding b;(r) shows that

By(r) = by(r— 1)+ B, (1) +B(r—1) = r2—2r+ 1.
But this finally implies
b(r) = max (b,(r); by(MN) =r*—r (rz=1).

To prove optimality of the bound, we construct extremal branching greedoids:
Let B, for r=0 be the branching greedoid of rank r on the digraph D,, which has
vertex set {vy, vy, ..., 8}, TOOt v_y=uv,, arcs labeled “2i—1” (1=i=r) from v;—,to
v; and arcs labeled “2i” (1=i=r) from v;_, to v; (compare Figure 4).

Oy: " v vy 5 ¥
1 ! ' 1 6
> 4
v Yo 3 ¥2 Y% 3 2

Fig. 4

We observe that the bases of B, are exactly the regular r-sets, i.e. the bases
of G, as defined in Section 3. In fact the greedoids satisfy B,=G, for r=3, and
G, is a proper subgreedoid of B, for r=4 ({3, 7} and {3, 6, 7} are feasible in B,,
but not in G, for r=4). The distance b,=d({1, 4,6, ..., 2r}, {2,4,6, ..., 2r}) can
be computed inductively by noting that for r>1, one has to pass through a basis
containing 3, but not 5. Let 8, be the minimal distance from {1, 4, 6, ..., 2r} to such
a basis. Then we have b.=2-p,4+1 (equality because of the symmetry between 1
and 2), and B,,,=pf,+r by the obvious induction step. Thus we get

B,é[;] and b(r)éZ-(;]+1=rz—r+1- |

Theorem 4.6 answers the question by L. Lovasz mentioned in the introduc-
tion (Section 1).
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We have a few obvious corollaries. First, if we exclude parallel arcs in the
digraph, we get a class of greedoids, on which the diameter never exceeds b,(r)+1,
for which we determined r2—2r42 as an upper bound. This bound is not sharp
for rz=4, but it differs from the minimal bound only by a term of linear order of
magnitude. However we remark that the condition “without parallel arcs” does
not seem natural, as it is not preserved under contractions. If we exclude antiparallel
arcs the bound decreases further.

The upper bound for the diameter is the same for directed and undirected
branching greedoids. In fact the undirected branching greedoids on the graphs D,
have the same diameters as the corresponding directed branching greedoids; on the
other hand our discussion in Section 2 shows that every undirected branching greedoid
corresponds to a directed branching greedoid of the same rank and diameter.

For both Theorem 3.1 and Theorem 4.6 the extremal examples are not uni-
que. Different greedoids of the same diameter can be constructed by duplicating
edges in D, respectively by adding the r-sets of G, ., to G,. However, the following
holds:

Proposition 4.7. Let # be a 2-connected greedoid (respectively 2-connected branching
greedoid) of rank r and diameter d(r) (respectively b(r)). Then & contains G, (re-
spectively B,) as a subgreedoid.

Proof. The statement for the case of general greedoids follows from a construction
by induction on the rank using Lemma 3.3 in the same way as for Theorem 3.4 (1).
For the case of branching greedoids it is possible to reconstruct a subgraph D, in
the graph of a given greedoid using induction and the fact that in the proof of Theorem
4.6 the recursive inequalities for b; and b, are sharp. J]

In the context of branchings in rooted graphs and the diameter problem for
them it seems natural to ask the following question, which gives an unrooted analogue
in the case of undirected graphs:

Let G=(V, E) be a 2-connected, undirected graph on r+1 vertices (rank r).
How many exchanges of leaves are at most necessary to transform a spanning tree
into a given second one?

As in the rooted case this problem translates into the diameter question for
the graph whose vertices are the spanning trees of G (i.e. the bases of the graphic
matroid), and in which two spanning trees are joined by an edge if they differ in
a single leaf,

Now we can choose an arbitrary vertex as a root to see from Theorem 3.1
that the diameter of this graph (the maximal number of steps necessary) is not larger

than r2—r41.
0y: Djy: D5

Fig. 5
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On the other hand Figure 5 shows a sequence of graphs which yield lower
bounds on the diameters that are also quadratic (roughly half as large): 2-5(r)=
=2r2—2r+2 for the graphs of rank 2r, and b(r+1)-+b(r)=2r%+r in the case of
rank 2r+1. We conjecture that these graphs are extremal examples.

5. Higher connectivity

For the case of greedoids with higher connectivity, it is necessary to assume
the interval property. This is so because the following key lemma (which generalizes
Lemma 3.3) is no longer true for k=3 without assuming the interval property:

Lemma 5.1. Let (E, %) be a k-connected interval greedoid. If X¢# has corank
at least k, and XU {x} is feasible (x€ E\X), then there is a free k-set 4 over X
which contains x. Moreover, if any free k-set B over X is given, then A can be chosen
such that ANBE {x}.

Proof. We can assume that' X=0 and that & has rank k. Thus {x} is feasible, and
there is a free k-set (basis) B. We assume x¢B. Now by successive augmentations
of {x} from B we find that there is a basis 4"U{x} of # such that 4"SB. But
every subset of A’ is feasible, thus by interval property find that 4"U {x} is free. |

‘We use a second lemma:

Lemma 5.2. In an interval greedoid & of rank r let X be a basis and Y a free basis.
Then the distance between X and Y (in the basis graph) is at most r.

Proof. By induction on r, using Lemma 5.1. |

These two lemmas -allow to solve the maxirn_ally connected case completely
which in turn can be used to prove bounds for “intermediate cases”. In particular
Lemma 5.2 implies that for r-connected (i.e. maximally connected) greed01ds the
basis graph has at most radius .

‘Theorem 5.3. Let (E, %) be an r-connected interval greedoid of rank r (r=1). Then
diam G(F)=2r—1, and this bound is the best possible.

Proof. Let X and Y be bases. If Z is a free basis containing a feasible element x;
of X (such a Z exist by Lemma 5.1), then d(X, Z)=r—1 and d(Z, Y)=r by Lemma
5.2. This proves the bound. Its optimality is easily proved by construction of a
sequence of suitable branching greedoids (Figure 6). J

D3: D;:

WY W

Fig. 6
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It is interesting to compare this result to the entirely trivial cases. The dia-
meter of a matroid is obviously bounded by is rank, for an antimatroid the diameter
is 0 (Lemma 2.8.).

Also it is easy to determine the maximal diameter for the corresponding

basic word graphs. The values are r*+r—1 for r-connected interval greedoids,
r-I2- l] for matroids, and (S) for antimatroids, This last result also appears in
[1] in connection with the discussion of an analogue of the Hirsch conjecture for
semimodular lattices.
: Theorem 5.3 especially shows that the diameter of 3-connected interval
greedoids of rank 3 is at most 5, thus lower than the maximal value for 2-connected
greedoids of the same rank. In fact the same is true for greedoids without the interval
property, but the proof we know for this is a pretty tedious case by case analysis.
Thus also for 3-connected interval greedoids of higher rank the possible diameter
is smaller than d(r). The key question seems to be whether for 3-connected interval
greedoids the diameter is polynomially bounded in the rank. This would for example
follows if the conclusion of Lemma 4.4 were true for any 3-connected lattice.

We give one relatively straightforward general result :

Theorem 5.4. Let (E, ) be a k-connected interval greedoid of rank r (r=k=2).
Then diam G(F)=k.2~*+1—1.

Proof. We use induction on r—k, the case r=k being clear.

Let X and Y be bases, x; and y, feasible elements in them. Now if {Xc¢&F:
x,€X}and {YEF: y €Y } intersect (i.e. {x;, y,}€ by interval property), in which
case they have a basis Z in common, then we get

d(X,Y) = d(X, Z)+d(Z, Y) = 2- (k- 20-D-F+1_1) < f.or—k+1_)

by induction. Now there is a feasible element z, such that {x;, z;} and {z,, y,} are
both feasible. In fact, by repeated application of the argument that proves Lemma
3.4 we may conclude that there are feasible sets Z; for 1=i<r such that {x}UZ;=
=X’ and Z,U{y,}=Y" are both feasible. Especially this means that there is a
subbasis Z,_; such that {x}UZ,_,=X" and Z,_;U{),}=Y’ are both bases.
Thus we get from the induction hypothesis:

d(X,Y) =dX, X)+d(X’, V) +d(¥,Y) =
= (k- 2(r—1)—k+1__1)+ 14+(k- r=1)—k+1 _ D=k or—k+l_ 1, i

Theorem 5.4 reduces to the upper bounds of 3.1 for k=2 and of 5.3 for
k=r. In these two cases Theorem 5.4 is best possible. However, this is not true in
general for r>k=2. In fact using Theorem 5.3 and Lemma 5.2 for k=3, it is
casy to see that the diameter of 3-connected interval greedoids of rank 5 is never
larger than 17, The result generalizes without hinting to a uniform better bound.

In the case of branching greedoids, Theorem 5.3 still applies. It is not hard
to see that for fixed connectivity the diameter of branching greedoids is bounded
by a quadratic polynomial in the rank, with the leading coefficient decreasing if
k is increased. For example, in the base of 3-connected branching greedoids the
diameter seems to be bounded by r2/2+1.
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